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Abstract
We use the formalism of geodesic Witten diagrams to study the holo-
graphic realization of the conformal block expansion for entanglement en-
tropy of two disjoint intervals. The agreement between the Ryu-Takayanagi
formula and the identity block contribution has a dual realization as the
product of bulk to boundary propagators. Quantum bulk corrections in-
stead arise from stripped higher order diagrams and back-reaction effects;
these are also mapped to the structure for G0N terms found in [15], with
the former identified as the bulk entanglement entropy across the Ryu-
Takayanagi surfaces. An independent derivation of this last statement is
provided by implementing a twist-line formalism in the bulk, and addi-
tional checks from the computation of mutual information and single inter-
val entanglement entropy. Finally an interesting correspondence is found
between the recently proposed holographic entanglement of purification,
and an approximated form for certain 1/c Renyi entropies corrections.
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1 Introduction
The celebrated Ryu-Takayanagi (RT) formula [26] is a powerful tool that permits
a holographic computation of entanglement entropy in conformal field theories
(CFTs), at leading order in the gravity coupling constant GN . An extensive
amount of evidence has been collected so far, including various formal arguments
for its validity (most notably [12] and [22]). In particular one of the first tests
that was devised covers the simplest case of a disconnected entangling region, the
union of two disjoint intervals in a two dimensional CFT, [16] and [18]. Following
[9] we can write the Renyi entropies Sn(A∪B) as a four points correlator of two
twist and two anti-twist operators located at the boundary of the entangling
region ∂(A∪B) = ∂A∪∂B, and this can then be expanded in conformal blocks.
Assuming exponentiation of the blocks in the large central charge limit c→∞
of CFTs with semi-classical holographic dual, the RT formula was matched at
leading order in 1/c by the contribution of the identity block alone.
A parallel dual construction was worked out by [14], starting from the rep-
resentation of Renyi entropies as a partition function over an n-sheeted replica
trick manifold Σ = C/Γ, whose bulk counterpart is evaluated on a certain quo-
tient geometry AdS3/Γ, found following a procedure known as Schottky uni-
formization. In this language the classical RT result is the gravitational action
on AdS3/Γ while one loop 1/c ≈ GN corrections are functional determinants,
[6].
The present paper pursues a slightly different path. We will still focus on the
dual realization of the Headrick-Hartman idea but, differently from [14], keeping
the twist operator formalism and its conformal block expansion. The bulk con-
struction will then make use of the so called geodesic Witten diagrams (gWds)
[19]-[20], known to be the holographic duals of the conformal blocks. Our goal
is to study the properties of 1/c corrections to the classical RT formula in this
formalism, which is particularly well suited to the task as it employs exclusively
bulk objects. Explicitly these quantum bulk corrections will be expressed, at
first order in n− 1 2, as a mixture of higher order gWds, corresponding to the
propagation of light primary operators and their descendants, and back reaction
effects on the geometry.
This paper is organized as follows: in section 2 we provide some background
material and recap some useful formulas that will be used throughout the article.
2n here and in the following is the replica index
2
In section 3 we introduce the expansion in conformal blocks of the Renyi en-
tropies, and show that the RT result for the two intervals entanglement entropy
is matched, at the CFT level, by the identity conformal block, and holographi-
cally by the four bulk to boundary propagators of the corresponding gWd, the
rest of the diagram not contributing. In section 4 an interesting by-product
result appears, the connection between certain bulk corrections to the Renyi
entropies, computed as gWds of low enough scaling dimension (in a certain
integrand approximation), and the holographic representation of the entangle-
ment of purification, recently proposed by [30]. In section 5 we start our analysis
on sub leading 1/c quantum bulk terms, first by considering the limit when the
two intervals entanglement entropy, that indeed posses such corrections, reduces
to the exact single interval case. These are then studied in detail in section 6
where the general form at order O(n− 1) is given and compared to the findings
of [15]. There the main result is perhaps the identification of the bulk entan-
glement entropy across the RT surfaces as a sum of gWds stripped of the bulk
to boundary propagators. In particular a twist line formalism is introduced to
explain this result from a purely bulk perspective. We also provide a first test
by computing the bulk entanglement entropy for a single interval RT surface,
verifying that it vanishes and showing consistency among the different repre-
sentations used (gravity replica trick determinant, twist line representation or
gWds expansion). Furthermore contributions to the entanglement entropy from
the first sub leading gWd are carefully worked out from previous CFT results as
[10]-[11], and used in a second test to provide a match for the expected behaviour
of mutual information. We conclude with a discussion on future directions for
further research.
2 Some background
We use as a reference [19]-[20] 3. A four point amplitude in CFT can be written
as:
〈O1(x1)O2(x2)O3(x3)O4(x4)〉 =
∑
∆,l
C∆,l 12C
∆,l
34 W∆,l(xi), (1)
with ∆ and l the scaling dimension and spin of the propagating primary op-
erators. Moreover conformal invariance restricts the partial waves to have this
form (xij = xi − xj)
W∆,l(xi) =
(
x224
x214
) 1
2 ∆12
(
x214
x213
) 1
2 ∆34 (
x212
)− 12 (∆1+∆2) (x234)− 12 (∆3+∆4)G∆,l(u(xi), v(xi)),
(2)
being u, v the cross-ratios of the distances xij :
u =
x212x
2
34
x213x
2
24
, v =
x214x
2
23
x213x
2
24
.
3For simplicity, and because the two dimensional factorization into holomorphic and anti-
holomorphic part of the conformal blocks will not play any major role in this discussion, we
will keep the notation used for generic dimensionality
3
Defining for l = 0:
W∆,0(xi) = W∆(xi) =W∆(xi) 2Γ(∆)
Γ(∆+∆122 )Γ(
∆−∆12
2 )
2Γ(∆)
Γ(∆+∆342 )Γ(
∆−∆34
2 )
(3)
we can compute holographically these objects using a geodesic Witten diagram
4
W∆(xi) =
∫
γ12
dλ
∫
γ34
dλ′Gb∂(y(λ), x1)Gb∂(y(λ), x2)G∆bb(y(λ), y
′(λ′))Gb∂(y′(λ′), x3)Gb∂(y′(λ′), x4).
(4)
Notation is as follows: γij are geodesics starting and ending at the boundary
points xi, xj , parametrized by proper time λ, λ
′. The four bulk to boundary
propagators Gb∂ are divided into two couples corresponding to the OPE channel
of (1). Within each couple the two Gb∂ start at xi and xj respectively and end
on a common bulk point y(λ) (or y′(λ′)), along γij . The bulk to bulk propagator
Gbb connects y with y
′. Note that the above formula evaluated in AdS is valid
in the limit of light boundary operators, without including back reaction on the
metric.
In Euclidean Poincare´ coordinates the boundary to bulk propagator is
Gb∂(y(u, x), xi) =
(
u
u2 + |x− xi|2
)∆i
(5)
and the bulk to bulk one is
G∆bb(y, y
′) = e−∆σ(y,y
′)
2F 1
(
∆,
d
2
; ∆ + 1− d
2
; e−2σ(y,y
′)
)
, (6)
with σ(y, y′) the geodesic distance between y and y′.
We will consider two dimensional CFTs and choose a very specific form
for the correlator (1), containing two couples of twist and anti-twist operators
5. This four point amplitude is used to compute the Renyi entropies for a
disconnected entangling region A ∪B with ∂(A ∪B) = {x1, x2, x3, x4} 6:
〈τn(x1)τ−1n (x2)τn(x3)τ−1n (x4)〉 ∝ Tr(AB)cρnAB . (7)
4this can also be generalized to non zero spin by replacing the bulk to bulk propagator G∆bb
with its more complicated spin-l cousin, pulled back on the two geodesics. See [19] for details.
5for definitions of twist operators and they relation with the replica trick procedure and
Renyi entropies we refer the reader to [9], here we assume general knowledge of these ideas.
6the correlator 〈τn(x1)τ−1n (x2)τn(x3)τ−1n (x4)〉 is computed as a path integral on the replica
manifold with the original Lagrangian Zn, normalized by a path integral on n non-interacting
copies of the original manifold, Zn1 :
〈τn(x1)τ−1n (x2)τn(x3)τ−1n (x4)〉 =
Zn
Zn1
∝ Tr(AB)cρnAB .
The proportionality constant is usually indicated as cn, such that c1 = 1, and an UV cutoff
can also appear.
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The scaling dimension is the same for both twist and anti-twist operators 7
∆τn = ∆τ−1n = ∆n =
c
12
(
n− 1
n
)
. (8)
These operators are not light for generic n as the semi-classical holographic
limit sends the central charge to infinity, c → ∞. However if we first pick the
appropriate limit n→ 1 (see section 3.3) the dimension above can be kept small.
The entanglement entropy can be recovered as:
S(AB) = ∂nS
n(AB)|n=1 (9)
with
Sn(AB) = −Tr(AB)cρnAB . (10)
The holographic RT formula for (9) predicts that, at classical level in the bulk,
the entanglement entropy S(AB) is proportional to the sum of the two RT
surfaces that, in this case, are the geodesics connecting the points on ∂(A ∪B)
and such that their total length is the minimal one. To simplify formulas we will
pick the four points x1, x2, x3, x4 to be real and ordered as x1 < x2 < x3 < x4,
with twist operators at x1 and x3 and anti twist operators at x2 and x4. With
these choices either ∂A = x1 ∪ x2 and ∂B = x3 ∪ x4 or ∂A = x1 ∪ x4 and ∂B =
x2 ∪x3 but, assuming length(γ12) + length(γ34) < length(γ14) + length(γ32), we
always have:
S(AB) =
length(γ12) + length(γ34)
4GN
=
c
3
(log |x12

|+ log |x34

|). (11)
Here  is a UV cutoff and the relation between the central charge and the
Newton constant in three dimensional gravity in AdS with radius L has been
used: c = 3L2GN .
Before moving on let me discuss the choice of contraction in (1). In general
this choice should be irrelevant, and the full result independent; in our case
however, as we will concentrate only on the first few terms, it is convenient to
fix the convention that the OPE contraction will always be done accordingly to
the RT formula, that is twist anti-twist contraction as 1↔ 2 and 3↔ 4 (instead
that 1↔ 4 and 2↔ 3). In this way we will be able to match perturbatively the
RT result, that otherwise would be recovered only non perturbatively in 1/c in
the ”wrong” channel.
3 Conformal block expansion and geodesic Wit-
ten diagrams
We start by using the expression for the Renyi entropies (10) and its relationship
with (7). The four points correlator can be expanded in conformal blocks of
7 conventions as follows: the conformal dimension h, h¯ of two dimensional CFT operators
is related to the scaling dimension ∆ and spin l as ∆ = h+ h¯ and l = h− h¯.
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increasing scaling dimension (and later on spin) and these computed either from
CFT formulas or holographically, by using the gWd formulation (4). Generically
speaking this second option is more interesting if the goal is to understand how
the RT formula and its leading corrections arise, as it already lives in the bulk.
As in [16] and [18] we assume that the CFT should posses an holographic
dual theory in the semi classical c→∞ limit, and expected related properties:
for example keeping the number of primary operators below a certain fixed
dimension finite in this limit, and the growth of the OPE coefficients in the
central charge less then exponential, to not offset the conformal blocks (more
general discussions can be found in either [16], [17] or [18]). We then have
that the identity block provides the leading c contribution to the RT formula
while 1/c corrections come from the remaining low dimension conformal block
terms 8. This will be our starting point. The goal then is to transform these
CFT statements into a purely bulk relation between gWds for different primary
operators (plus back-reaction on the geometry) and the holographic description
of entanglement entropy.
With these premises we use (10) to write
S(AB) = ∂nS
n(AB) =
∑
∆,l
∂nS
n(AB))|∆,l (12)
with
Sn(AB))|∆,l = −C∆,l 12C∆,l34 W∆,l. (13)
3.1 A note on twist operators and holography
Before moving on I would like to clarify what we mean by the holographic dual
of twist operators and their OPE.
In the twist operator formalism the n-sheets of the replica trick construction
collapse into a single one hosting the n-decoupled identical Lagrangians that
were living on the n sheets. However the fields do maintain a local coupling at
the twist operator insertions.
The OPE for twist operators takes the general form [10]-[11]
τn(x)τ
−1
n (y) =
∑
{kj}
C{kj}
n∏
j=1
Okj (z) (14)
where Okj are a complete set of operators for the jth theory, j = 1, . . . , n.
Because of the operator mixing the conformal block expansion of (7) does
not in general factorize in the index j, nor in the OPE coefficients and neither
in the conformal blocks. Still there should be some kind of j-factorization away
from the twist operator insertions, in the propagating operators.
8 here I should also mention the results of [7] where it was shown that the growth of the
OPE coefficients for multi-trace operators is exponential, which may mean that the vacuum
block contribution is no longer dominant and a large number of other blocks should be taken
into account. Yet it is not clear if this effect is relevant for Renyi entropies with n ' 1.
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The holographic dual of n decoupled identical CFTs in the vacuum (with-
out entanglement between different theories) is given by the corresponding n
decoupled bulk gravity Lagrangians on a common AdS background. But the
twist operators belong to a different theory which is the replicated theory con-
structed on a periodically identified multi-sheet space. The recipe for finding
the holographic dual of this boundary replica trick construction was provided by
[22]. There they considered geometries with compactified euclidean time along
a circle that, at the boundary, would surround the end points of the entangling
regions, that is the twist operator insertions; in the bulk this circle collapses
at the RT surfaces. In this way the boundary location of the twist operators
is extended in the bulk, which will be a key ingredient in identifying, later on
in section 6.2, the bulk dual of a couple of twist and anti-twist operators as
a bulk twist line on the corresponding RT surface. If this identification is ac-
cepted then the CFT exchange of operators along the conformal block channel,
following the OPE (71), transforms into a bulk exchange of the fields dual to
the ones appearing in (71), from one twist line at one RT surface to the other.
This is the exact form that the Geodesic Witten diagrams have, provided that
the bulk operator of dimension ∆ entering the bulk to bulk propagator (6) is
really understood as a collection of the bulk fields φkj , dual to the boundary
operators Okj . Indeed writing ∆ =
∑
j ∆k we can immediately check that the
propagator (32) factorizes as
G∆bb(y, y
′) = G∆1bb (y, y
′) . . . G∆nbb (y, y
′). (15)
This bulk propagator factorization in the j-index is exactly what we meant as
factorization away from the twist operator positions, at the beginning of this
section.
As we will not actually need to use this factorized version of the propagator
we will instead keep using in the following the simple notation G∆bb(y, y
′) to
denote the right hand side of (15). These ideas will be developed in more detail
in section 6.
3.2 Zeroth order is the Ryu-Takayanagi result: CFT com-
putation
We start with a purely CFT computation and consider the lowest scaling di-
mension among primary operators in the OPE expansion of τ and τ−1: the
identity for which ∆ = ∆0 = 0. The general result of [16] is that, by assuming
exponentiation of the identity block in the large central charge limit, the RT
result for the two interval entanglement entropy is matched at leading order in c
and at finite value of the distance between the intervals 9. In the present section
we will not assume any specific behaviour for the identity block nor take any
explicit c → ∞ limit; in this case obviously the control over 1/c corrections is
lost, so the result is not particularly meaningful. In the next section however, by
9 up to the phase transition point where you need either to know all the non-perturbative
terms or change the expansion channel as we do here.
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considering a gWd formalism, holographic properties are automatically taken
into account, and previously described results on 1/c terms valid, as long as the
gWds accurately describe the corresponding conformal blocks.
With this in mind let us consider the known CFT expression for G∆(u, v)
as ∆ → 0, for the case of four twist operators when n → 1. Here and in the
following l = 0 for most of the time, so this index will remain hidden until
further notice. The entanglement entropy at this order is
S(AB)|0 = −∂n
(
C∆0 12C
∆0
34 W∆0
)
|n=1, (16)
that using (2)
W∆0 =
(|x12|2)−∆n (|x34|2)−∆n G∆0(u, v) (17)
becomes
S(AB)|0 = −∂n
[
C∆0 12C
∆0
34 G∆0(u, v)|x12|−2∆n |x34|−2∆n
]
n=1
. (18)
In particular the terms containing explicit dependence on n are:
−∂n
[|x12|−2∆n |x34|−2∆n]n=1 = c6(log |x12|+log |x34|)∂n
(
n− 1
n
)
n=1
=
c
3
(log |x12|+log |x34|).
(19)
This result reproduce the Ryu-Takayanagi formula for the two intervals entan-
glement entropy (11) 10, provided that
C∆0 12|n=1 = C∆034 |n=1 = G∆0(u, v)|n=1 = 1 (20)
and
∂nC∆0 12|n=1 = ∂nC∆034 |n=1 = ∂nG∆0(u, v)|n=1 = 0. (21)
The OPE coefficients C∆0 12, C
∆0
34 are easily evaluated considering that, by
definition, when the twist and anti-twist operators collide, they annihilate each
other with no other effect: limr→0 τn(r)τ−1n (0) = Id for every n, so that both
(20) and (21) are satisfied (here the OPE coefficients do not depend on the
distance, which is included in W∆,l(xi)). We want then to compute G∆0(u, v)
and ∂nG∆0(u, v)|n=1. One simple way to do this is by using the CFT formula
for its integral representation in d dimensions and generic scaling ∆:
G∆(u, v) =
Γ(∆)
Γ(∆+∆342 )Γ(
∆−∆34
2 )
u∆/2
∫ 1
0
dσσ
∆+∆34−2
2 (1−σ) ∆−∆34−22 (1−(1−v)σ)−∆+∆122 ·
(22)
· 2F 1
(
∆ + ∆12
2
,
∆−∆12
2
; ∆− d− 2
2
;
uσ(1− σ)
1− (1− v)σ
)
.
This expression simplifies considerably at d = 2 and with the four scalar bound-
ary operators having the same dimension. The only dependence on n from the
10apart from the UV cutoff to which the replica trick procedure is essentially blind and
should be added by hand.
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scaling ∆n then drops out from the above formula, so we can immediately fulfil
(21). Moreover using the series definition for the Hypergeometric function we
can easily show that 2F 1
(
∆0
2 ,
∆0
2 ; ∆0; z
) −−−−−→
∆0 → 0
1. Then (22) becomes (only
the relevant terms of ∆0 are retained in the limit)
G∆0(u, v) = lim
∆0→0
Γ(∆0)
Γ(∆02 )
2
∫ 1
0
dσσ−1+
∆0
2 (1− σ)−1+ ∆02 . (23)
Given the integral representation
Γ(x)Γ(y)
Γ(x+ y)
=
∫ 1
0
dσσx−1(1− σ)y−1 (24)
also the result (20) follows immediately for G∆0(u, v). So we have proven that
S(AB)|0 = c
3
(log |x12|+ log |x34|). (25)
3.3 Holographic computation
We want here to show that the contribution from the gWd for the identity
conformal block produces the RT result as in the previous section. Once more let
me stress that, in doing so, we automatically restrict to CFTs with holographic
properties, and assume the validity of the gWd to reproduce the conformal
block expression at any order in 1/c. Then previous results for holographic
CFTs connecting the identity block to the RT formula, and low scaling blocks
to 1/c corrections, apply. Moreover, working directly in the bulk, we will no
longer just compare formulas in between the two sides of the AdS/CFT duality,
but directly pick the objects that correspond to the RT curves, and later on its
corrections.
Here it is important to discuss a little bit more the effect of placing twist and
anti-twist operators at the boundary. As we are now considering an holographic
theory, the large central charge limit c → ∞ should be taken, so for generic n
the twist operator dimension (8) is large, and these do indeed back-react on the
geometry. Fortunately in the vicinity of n = 1 the dimension ∆n can be taken to
be as small as required, even for large central charge 11. The problem is that, to
obtain the analytic continuation in n required for computing the Renyi entropies
nearby n = 1, we need in general the results for all integer n (plus other inputs,
11For example we can parametrize the real n as n → m/c + 1, and then achieve the limit
n→ 1 as m→ 0 and/or c→∞ (obviously for finite n we would need m to growth faster then
c). This parametrization is interesting because the two limits coincide when computing the
scaling dimension:
∆n =
c
12
(
n− 1
n
)
=
1
12
m(m+ 2c)
m+ c
−−−−−→
m→ 0
m
6
(26)
−−−−−→
c→∞
m
6
.
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see for example the discussion in [11]). As for these values the twist operator
scaling is large and there is back reaction, it may appear we are in a loop hole
argument. The strategy will then be as follow: we first consider the holographic
description of the four twist operators correlator at first order in (n− 1). This
is a well posed problem at this level as the analytic continuation of the scaling
dimension ∆n is trivial. At this order we can broke down the holographic Renyi
entropy in various pieces, and separately consider each of them. We have two
contributions: the first piece comes from direct application of (3) and (4) and it
is of order (n− 1)0 in the geometry (no back reaction considered, the geometry
being just AdS) but the OPE and the holographic evaluation of conformal blocks
will be done at order (n− 1). The second contribution is from the holographic
description of conformal blocks in the back reacted geometry that we can call
Mn (so M0 = AdS); here the geometry is at order (n − 1) (for example in the
heavy-light limit the deficit angle would be taken small at order (n − 1)) but
the OPE is evaluated at order (n− 1)0, so only the identity propagates. Finally
we also have the (n− 1)0 term which is a gWd in AdS with propagation of the
identity alone. Everything else is higher order in (n − 1) and is not important
for the goal of computing EE. In summary:
〈τn(x1)τ−1n (x2)τn(x3)τ−1n (x4)〉 |up to O(n−1) = [AdS,∆ = 0](= RT)+ (27)
+[AdS,∆ ≈ O(n−1)](= gWdO(n−1))+[Mn ≈ O(n−1),∆ = 0](= Id in backreactedO(n−1)).
This subdivision in three terms is valid independently of the explicit form of
analytic continuation of the Renyi entropies, it is just a first order expansion
around n = 1. The idea now is to consider the analytic continuation for each
piece separately around n = 1, which is a more complicated story. For the
moment let us concentrate on the (n − 1)0 term that was the subject of the
previous section.
Knowing that C∆0 12 = C
∆0
34 = 1 and using (3) we obtain
S(AB)|0 = −∂n
(
W∆0
4Γ(∆0)
2
Γ(∆02 )
4
)
n=1
. (28)
The evaluation of W∆0 will now be done holographically by applying (4).
We start with the bulk to boundary propagators Gb∂(y, xi) of (5). Working
with Poincare´ coordinates the geodesics γij are described by the equation
2u2 + (x− xj)(x¯− x¯i) + (x− xi)(x¯− x¯j) = 0 (29)
that is solved by
x(λ) =
xi + xj
2
+
xi − xj
2
tanhλ
x¯(λ) =
x¯i + x¯j
2
+
x¯i − x¯j
2
tanhλ (30)
u(λ) =
|xi − xj |
2 coshλ
.
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Inserting these into (5) we obtain the simple answer:
Gb∂(y(λ), x1)Gb∂(y(λ), x2) =
(|x1 − x2|2)−∆n (31)
and likewise for (1, 2) ↔ (3, 4). So the four bulk to boundary propagators
contribute to a common factor in the integrand independent of the actual bulk
points along the geodesics. This result is not affected by the choice of ∆ in the
intermediate channel, and so will be valid for all the terms in (12). The bulk to
bulk propagator instead does obviously depend on ∆ and its form is given by
(6). In our case it is evaluated as:
G∆bb(y, y
′) = e−∆σ(y,y
′)
2F 1
(
∆, 1; ∆; e−2σ(y,y
′)
)
= (32)
=
e−∆σ(y,y
′)
1− e−2σ(y,y′) 2F 1
(
0, 1; ∆;
e−2σ(y,y
′)
e−2σ(y,y′) − 1
)
=
e−∆σ(y,y
′)
1− e−2σ(y,y′)
where we used a Pfaff transformation to pass to the second line. The result for
W∆0 than is
W∆0 =
(|x1 − x2|2)−∆n (|x3 − x4|2)−∆n ∫
γ12
dλ
∫
γ34
dλ′
e−∆0σ(y(λ),y
′(λ′))
1− e−2σ(y(λ),y′(λ′)) (33)
that agrees with our previous result (25), after deriving in n and plugging in
the missing factors of Gamma functions of (3), provided that
lim
∆0→0
4
Γ(∆0)
2
Γ(∆02 )
4
∫
γ12
dλ
∫
γ34
dλ′
e−∆0σ(y(λ),y
′(λ′))
1− e−2σ(y(λ),y′(λ′)) = 1. (34)
In practice the RT formula is reproduced by the contribution from the four
bulk to boundary propagators alone! So we see here a refinement of the result
that the identity block reproduces the RT formula, being able to isolate precisely
the bulk objects responsible for this.
Let us now prove (34). We can write σ(y, y′) as follows:
σ(y, y′) = log
(
1 +
√
1− ξ2
ξ
)
ξ =
2uu′
u2 + u′2 + |x− x′|2 . (35)
The integral will be evaluated for finite ∆0 and later on sent to zero together
with the normalization factor of Gamma functions. Now this is a complicated
integral so we divide it depending on the domain of integration. For some
constant r  1 we divide the domain of integration of each geodesic integral
into three sub-domains: −∞ < λ ≤ −r, −r < λ < r and r ≤ λ < ∞, and
analogously for λ′. The product of the two integrals then splits into nine pieces
out of which four never contain the sub-domain (−r, r).
Using (30) we can see that, for these four integrals, the geodesic distance
rapidly behaves as
σ(y, y′) ≈ |λ|+ |λ′| λ, λ′  1. (36)
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Remembering that the boundary points have been chosen so that |x1 − x2| and
|x3−x4| are smaller then the distances between their central points, the geodesic
distance between the two RT surfaces then never approaches zero so that the
denominator of the integrand (34) never diverges. Then the integrand can be
simplified as
e−∆0σ(y(λ),y
′(λ′))
1− e−2σ(y(λ),y′(λ′)) −−−−→λ,λ1
e−∆0(|λ|+|λ
′|)
1− e−2(|λ|+|λ′|) ≈ e
−∆0(|λ|+|λ′|).
In this domain the integral then factorizes as∫
dλ
∫
dλ′
e−∆0σ(y(λ),y
′(λ′))
1− e−2σ(y(λ),y′(λ′)) −−−−→λ,λ1 4
(∫ ∞
r
dλe−∆0λ
)2
.
The integral on the right can be done to give e−r∆0/∆0 −−−−→
∆0→0
1/∆0. Analo-
gously Γ(∆0)
2/Γ(∆0/2)
4 −−−−→
∆0→0
∆20/16, so overall we obtain the expected result
(34) from this term. What about the remaining five integrals containing at least
once the region (−r, r)? Fortunately we do not need to compute them as the
product of Gamma functions in front goes to zero as ∆20 for ∆0 → 0 so, if we
have not a divergence as 1/∆20 or worst from the integral, the product vanishes.
For this reason if one or both of λ, λ′ is restricted to the domain (−r, r) the final
result is suppressed and we still obtain (34).
Before considering in detail 1/c corrections let us detour twice. In the first
section to study the slightly different problem of computing the ”saddle point”
contribution to the Renyi entropy for small, but non-zero, value of ∆. In the
second section to consider the limit in which one of the two couples of twist and
anti twist operators squeezes to zero distance.
4 Entanglement of purification as saddle point
Using the form for the bulk to bulk propagator (32) and noting, once more,
that the geodesic distance in our choice of OPE channel is never small, we can
approximate it, for ∆ << 1, as
G∆bb(y, y
′) =
e−∆σ(y,y
′)
1− e−2σ(y,y′) ≈ e
−∆σ(y,y′). (37)
We can also do a second approximation for the integral:∫ ∫
e−∆σ ≈ Cslowe−∆σmin + · · · (38)
where Cslow stands for the integral domain such that the geodesic distance varies
sufficiently slow (depending on the required approximation), Cslow =
∫ ∫
σ≈σmin
and it does not depend on ∆, and the dots are for the remaining integral whose
12
integrand becomes exponentially smaller. If the propagating operator scaling
dimension ∆ is small enough to have ∆ < σ−1min then
Sn(AB)|∆ ≈ −
(|x1 − x2|2)−∆n (|x3 − x4|2)−∆n β−2∆ C∆ 12C∆34Cslow(1−∆σmin+· · · )+. . . ,
(39)
where we have indicated as β−2∆ the proportionality coefficient inside W∆ =
β−2∆ W∆.
We recall now the recent work [30] where the authors argue that a quantity
called entanglement of purification Ep(AB)
12 admits an holographic description
as the length of ΣABmin, which is either the minimal distance connecting the two
RT surfaces σABmin when the entanglement wedge is connected, or zero when
disconnected:
Ep(AB) =
ΣABmin
4GN
. (40)
So in the case of connected entanglement wedge (the RT surfaces cross from ∂A
to ∂B) this is exactly what we have found here as a contribution to Sn(AB)|∆,
as the two geodesics γ12 and γ34 are exactly the above mentioned RT curves:
σmin = σ
AB
min = Σ
AB
min. When instead we are on the other side of the phase
transition and the entanglement wedge is disconnected, we can identify σmin
as Σ
(AB)c
min , and our term inside (39) as proportional to the entanglement of
purification of the complement of A∪B (provided the original state is pure and
we do not have a black hole geometry).
The statement would then be that, in computing the two intervals Renyi en-
tropies, part of the total contribution per propagating primary operator is given
by a term proportional to the corresponding entanglement of purification, if the
scaling dimension is small enough. Then, from the total result for the Renyi
entropies, the piece proportional to the entanglement of purification becomes:
Ep(AB) ( or Ep((AB)
c) ) ∝ σminCslow ·
∑
∆<σmin
∆β−2∆ C∆ 12C
∆
34. (41)
It is important to point out that a similar result had been already achieved in
[21], although there the description as a saddle point of a gWds was postulated
from two assumptions: first that the entanglement of purification can be com-
puted as an expectation value of four non identified operators, and second that
these operators have a conformal block expansion whose intermediate channel
contains a twist operator. Here we instead followed a reverse path starting from
Renyi entropies and identifying certain terms in their dual description as the
holographic entanglement of purification.
5 From four to two
To better understand the origin of the relation between 1/c quantum bulk cor-
rections to the entanglement entropy and gWds of low scaling operators, from a
12 for the proper quantum mechanical definition see either [30] or the discussion in the
conclusions
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purely bulk perspective, it is instructive to see how we recover the single interval
entanglement entropy from the two intervals case. At the CFT level we achieve
this by simply collapsing a twist anti-twist couple into the identity operator:
〈ττ−1ττ−1〉 → 〈ττ−1Id〉. In this holographic setup we will consider the gWd
for the identity block in a corresponding limit: one of the two geodesics, say
γ34, collapses to the boundary point where the identity operator is inserted,
say x0 =
x3+x4
2 . So we remain with two bulk to boundary propagators going
from x1 and x2 to a generic point along γ12 and the bulk to bulk propagator
going from there to the location of the identity operator, up to a bulk-cutoff
distance of u = ; the remaining two bulk to boundary propagators are squeezed
together and go from this point where the bulk propagator approaches the iden-
tity, (u = , x0), to the actual boundary points of the collapsing twist and
anti-twist operators, x0 ± ˜ with ˜ a boundary cutoff distance. Each of these
boundary to bulk propagators will carry an operator with dimension ∆0/2 (”half
of the identity” for each), in the limit ∆0 → 0. We also include a normalization
β˜0 that should not necessarily agree with the original β
−2
0 . Thus:
Sn(A)|∆0 = −β˜0C012
∫
γ12
dλ G∆nb∂ (y(λ), x1)G
∆n
b∂ (y(λ), x2)G
∆0
bb (y(λ), )G
∆0/2
b∂ (, x0−˜/2)G∆0/2b∂ (, x0+˜/2) =
(42)
= β˜0
(|x1 − x2|2)−∆n (|˜|2)−∆0/2 ∫
γ12
dλ G∆0bb (y(λ), (x0, u
′ = )).
The geodesic distance σ behaves as (small ):
σ(y(λ), (x0, u
′ = )) = log
(
1 +
√
1− ξ
)
− log(ξ) ξ =  2u
u2 + |x− x0|2
so
σ(y(λ), (x0, u
′ = )) ≈ − log()− log(u(λ→ ±∞))
with the usual log(u(λ)) −−−→
λ±∞
|λ| behaviour that, inside e−∆0σ and integrated,
behaves as 1/∆0. So it remains(|x1 − x2|2)−∆n ˜−∆0∆0 β˜0 1
∆0
.
We see then two things. First that, in order to obtain a Renyi entropy matching
the RT formula for a single interval, the boundary cutoff should agree with
the bulk cutoff,  = ˜. This is similar to the usual agreement between the
CFT cutoff used in regularizing the entanglement entropy and the holographic
cutoff employed in the RT formula. Second that the normalization factor should
behave as β˜0 −−−−→
∆0→0
∆0 which means something like β˜0 = 4Γ(∆0)/Γ(∆0/2)
2 (≈
β−10 ). We than reduce to the single interval Renyi entropy result:
lim
∆0→0
Sn(A)|∆0 =
(|x1 − x2|2)−∆n . (43)
Important here is to notice that in the one interval case the RT formula
matches the exact CFT one interval computation (beside the cn constant and
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UV cutoff); this means that quantum bulk effects in 1/c, that are non zero
for a two intervals entangling region, should be completely suppressed in the
limit where one of the two boundary intervals squeezes to zero. Here what
happens is that, when a couple of twist and anti-twist operators merges into
the identity, from a full spectrum of propagating primary operators, we reduce
to the identity alone as the only contributing propagating operator, and this
term alone reproduces the RT result and thus the total contribution. This is
consistent with our previous consideration that quantum bulk effects should be
identified (in part) with gWd from higher order conformal blocks.
6 Quantum bulk corrections
It is time to understand more in depth how holographic corrections to the RT
formula emerge from higher order gWds and the backreaction on the geometry.
6.1 An O(n− 1) expansion
Let us consider once again (12) including spin to have the full answer at CFT
level:
S(AB) = −∂n
∑
∆,l
C∆,l 12C
∆,l
34 W∆,l

n=1
= −∂n
∑
∆,l
β−2∆,lC∆,l 12C
∆,l
34 W∆,l

n=1
,
(44)
where we have included a proportionality factor on the right generalizing the
l = 0 result β−2∆,0 =
4Γ(∆)2
Γ( ∆2 )
4 . In proximity of n ≈ 1 the holographic realization of
the Renyi entropies entering the above formula is given by the three terms of
(27), one at order O(1) (the identity block in AdS) and two at order O(n− 1).
Once the analytic continuation for both the O(n− 1) terms has been achieved,
in principle the complete holographic entanglement entropy can be obtained as:
S(AB) = −∂n
[ (|x1 − x2|2)−∆n (|x3 − x4|2)−∆n · (45)
·
∑
∆,l
β−2∆,lC∆,l 12C
∆,l
34
∫
γ12
dλ
∫
γ34
dλ′ G∆,lb,b (λ, λ
′)|O(n−1) + backreactionO(n−1)
]
n=1
.
Once again the term ”backreactionO(n−1)” symbolizes the computation of the
holographic dual to the identity exchange in the backreacted geometry, com-
puted at order O(n − 1) before taking the derivative. We will come back to
this. The other terms are the standard gWds in AdS, at order O(n − 1). Do-
ing the derivative we get (for simplicity we will skip from now on the reminder
O(n− 1)):
S(AB) =
c
3
(log |x12|+ log |x34|) ·
∑
∆,l
. . .

n=1
− (46)
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−∂n
[∑
∆,l
β−2∆,lC∆,l 12C
∆,l
34 |
∫
γ12
dλ
∫
γ34
dλ′ G∆,lb,b (λ, λ
′)
]
n=1
− ∂n [backreaction]n=1 .
The multiplicative factor in parenthesis in the first line of the above formula
has been already computed to give one in section 3.3, by observing that at
n = 1 the twist operators become identity insertions, so that the only OPE
term generated is just the identity itself; the corresponding gWd stripped of
the bulk to boundary propagators was then evaluated starting from equation
(34). An alternative, easier derivation, comes from the identification of this
factor with Trρn|n=1 stripped of the four bulk to boundary propagators. As
the backreaction term vanishes in the limit n → 1, and being Trρ = 1, the
integral just equals one over the four bulk to boundary propagators at n = 1:∑
∆,l
. . .

n=1
=
(|x1 − x2|2)∆n=1 (|x3 − x4|2)∆n=1 = 1.
So we have
S(AB) =
c
3
(log |x12|+log |x34|)−∂n
[∑
∆,l
β−2∆,lC∆,l 12C
∆,l
34
∫
γ12
dλ
∫
γ34
dλ′ G∆,lb,b (λ, λ
′)
]
n=1
−
(47)
−∂n [backreaction(n− 1)]n=1 .
The first term is again the Ryu-Takayangi formula, the novelty are the two
remaining terms that provide 1/c corrections, being the holographic counterpart
of light conformal blocks after insertion of twist operators, and considering back-
reaction effects, at order O(n− 1).
Acting with the total n derivative, in the following to avoid confusion in-
dicated as ddn , we get two distinct contributions: on one side derivative terms
coming from the dependence of the object by the propagating operator dimen-
sion (and spin) when ∆ = ∆(n), on the other terms that depend on n directly:
d
dn
=
∂
∂n
+ ∂n∆(n)
∂
∂∆(n)
.
A key point now is that the second term in (47), when stripped of the OPE
structure constants, depends on n only through ∆(n)! This because the geodesic
shape is not affected by n (no back reaction for this term), the bulk to bulk prop-
agator do depend only on the scaling dimension (and spin) and the remaining
coefficients β∆ do behave in the same way. Obviously the conformal block can
have a more general dependence on n, but in our holographic description this
is absorbed in the back reaction term. So:
− d
dn
[∑
∆
β−2∆ C∆ 12C
∆
34
∫
γ12
∫
γ34
G∆bb
]
n=1
= −
∑
∆
d
dn
(
C∆ 12C
∆
34
)
β−2∆
∫
γ12
∫
γ34
G∆bb |n=1
(48)
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−δ(∆(1))C∆(1)12C34∆(1)∂n∆(n)|n=1∂∆(n)
(
β−2∆(n)
∫
γ12
∫
γ34
G
∆(n)
bb
)
n=1
.
The delta function in the second term comes from the OPE coefficients at n = 1
forcing the propagating primary operators with ∆ = ∆(n) to reduce to the
identity in the limit n→ 1: O∆(1) = Id, ∆(1) = 0. We want to show that this
last term in fact vanishes. The reason for this is as follows:
τn(x)τ
−1
n (y)|n=1 = Id(y) +
∑
k˜
C
∆˜k(n)
τnτ
−1
n
O∆˜k(n)(y)|n=1, (49)
where we named the eventual OPE operators, beside the identity, surviving the
n→ 1 limit as ∆˜k(n). But these should reduce to the identity when n = 1 so
Id(y) +
∑
k˜
C
∆˜k(n)
τnτ
−1
n
O∆˜k(n)(y)|n=1 = Id(y)
1 +∑
k˜
C0IdId
 . (50)
The term in parenthesis should go to one, otherwise there would be a disconti-
nuity in the normalization of the two point functions for n = 1, requiring∑
k˜
C0IdId = 0.
But being all the structure constants of definite sign in a unitary theory, each
of them should vanish. So in the limit n→ 1 we indeed find only ”one” identity
and for all the OPE constants in the last term of (48) C
∆(1)=0
ij |n=1 = C0IdId = 0.
Then (47) further simplifies:
S(AB) =
c
3
(log |x12|+ log |x34|)−
∑
∆
d
dn
(
C∆ 12C
∆
34
)
β−2∆
∫
γ12
∫
γ34
G∆bb |n=1−
(51)
−∂n [backreaction(n− 1)]n=1
and the key problem to study 1/c corrections becomes to compute (apart
from the back-reaction part on which we will not dwell in this paper)
d
dn
(
C∆ 12C
∆
34
)
n=1
. (52)
6.2 Making contact with the Faulkner, Lewkowycz and
Maldacena proposal for quantum corrections
The Faulkner, Lewkowycz and Maldacena (FLM) proposal [15] for quantum
corrections at order G0N states that, for a CFT with holographic dual and generic
entangling region, indicated as A (either connected or not):
S(A) = SRT + Squantum +O(GN ) (53)
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with
Squantum = Sbulk +
δA
4GN
+ 〈∆SWald−like〉+ Scounter. (54)
SRT is the classical RT formula while Sbulk computes the bulk entanglement
entropy between the inside and outside of the RT surface(s) for A. We want
here to connect this result to our formalism.
The way (53) was derived is by considering the smooth geometry dual to the
CFT replica trick manifold, with compactified Euclidean time circling around
the boundary of the entangling region, and computing the bulk partition func-
tion in such a background. The classical action is the RT formula [22] while the
determinant is:
Squantum = ∂n (log Trρ
n
n − n log Trρ1)n=1 (55)
with
ρn = Pe
∫ 2pi
0
dτHn ρnn = Pe
∫ 2pin
0
dτHn , (56)
and Hn the bulk Hamiltonian for the Euclidean time circle. The derivative in n
then produces two terms, one when acting on the exponent of ρnn, that is on the
boundary domain of the time integral 2pin, and one when acting on the lower
index of ρn, that is on the Hamiltonian Hn that depends on n as the smooth
geometry dual to the Renyi entropy depends on n 13; the first term produces
Sbulk while the other amounts to the remaining terms in (54).
It is both an interesting problem and a check for our result to match the
formula for 1/c corrections (47) to the above expressions (55) and (56), when
d = 2 and A is made of two disconnected intervals. This can be done quite
naturally by first isolating terms that depend on n ”geometrically” on both
sides, that is:
δA
4GN
+ 〈∆SWald−like〉+ Scounter = −∂n [back reaction(n− 1)]n=1 (57)
so that by exclusion
Sbulk = −∂n
[∑
∆,l
β−2∆,lC∆,l 12C
∆,l
34
∫
γ12
dλ
∫
γ34
dλ′ G∆,lb,b (λ, λ
′)
]
n=1
. (58)
In order to understand better equation (58) we introduce a bulk Renyi entropy
Snbulk such that
Sbulk = ∂nS
n
bulk|n=1. (59)
Then a sufficient condition to verify (58) is that the Renyi entropies for all n
can be expressed as
Snbulk = −
∑
∆,l
β−2∆,lC∆,l 12C
∆,l
34
∫
γ12
dλ
∫
γ34
dλ′ G∆,lb,b (λ, λ
′). (60)
13for an alternative choice of analytic continuation see the discussion in [24]
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This last formula (60) will be the focus of the present section.
When we want to compute Renyi entropies for a generic two dimensional
quantum field theory we know we can express the problem as correlators of
twist and anti-twist operators at the boundary of the entangling surface. In three
dimensions this boundary is a line, so we would need twist lines. A formalism for
twist line operators has not yet been fully developed (to the author’s knowledge)
so we will proceed with caution.
The property that a twist line τn(γ) should have is that fields circling around
either increase or decrease their replica index. To determine the direction of
rotation we associate an orientation and fix conventions such that a clock-wise
and counter-clockwise rotations respectively decrease and increase the replica
index, i→ i−1 and i→ i+1, (n+1 = 1). If such a twist line is embedded in the
bulk and it intersects (not tangentially) any two dimensional slice H2 at some set
of points, γ ∩H2 = {x1, · · ·xs}, fields living on H2 will see {x1, · · ·xs} as twist
or anti-twist operator locations, depending on the local orientation of τn(γ)
14.
If we choose H2 to be the AdS conformal boundary, then we have constructed
usual twist and anti-twist operators in a two dimensional CFT, out of one (or
multiple) twist line(s) living in the holographic dual theory and intersecting the
conformal boundary at the twist and anti-twist operator positions.
To compute the Renyi entropies Snbulk across the RT surfaces γ12, γ34 for the
two intervals boundary entangling region A ∪ B, we need to compute the two
twist lines correlator for the bulk Renyi entropies:
Snbulk = −〈τn(γ12)τn(γ34)〉 = −〈
∫ 1→2
γ12
τn(s)ds
∫ 3→4
γ34
τn(s
′)ds′〉 , (61)
where the orientation is written on the top of the integral. This orientation
is fixed, modulo a global flip, such that when the two twist lines are made to
coincide they should annihilate each other: here this would be achieved by send-
ing x1 → x4 and x2 → x3, that means either a zero or space filling entangling
region, which in turn implies vanishing entanglement entropy for the CFT in
a pure state. As a consequence a closed path linking just γ12 or γ34 raises or
lowers the replica index of the dragged bulk field, but if the path does not link
any of the RT surfaces or links both, the monodromy is trivial.
Following our identification (58) we would like to propose the following re-
sult:
〈
∫ 1→2
γ12
τn(s)ds
∫ 3→4
γ34
τn(s
′)ds′〉 =
∑
∆,l
β−2∆,lC∆,l 12C
∆,l
34
∫
γ12
dλ
∫
γ34
dλ′ G∆,lb,b (λ, λ
′).
(62)
This formula states that, to compute the correlator 〈τγ12τγ34〉, the connected
tree-level bulk diagrams appearing contains a single bulk to bulk propagator in
between generic points of τγ12 and τγ34
15.
14 A tangential point correspond to the identity operator
15it is perhaps important to point out that it has been conjectured in [19] that not only tree
level bulk diagrams but also loop diagrams can be decomposed in gWd, that are always tree
level by construction. This seems to suggest that the validity of (62) goes beyond tree-level.
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The important point here, in order to understand (62), is to figure out what
fields do interact with the two twist lines and with what interaction. We have
seen that we can interpret a couple of twist and anti-twist operators in the
boundary CFT as the intersection of the boundary with a single bulk twist
line. Moreover, when the twist line is along the RT surface connecting these
two points, the corresponding replicated bulk geometry is dual to the boundary
state produced by the path integral on the replica trick space; this has been
shown in [22]. In this sense the interaction between two couples of twist and
anti-twist fields in the CFT, as we found in our OPE expansion of conformal
blocks, should then contain intermediate propagating operators that are exactly
the duals of the bulk fields for the corresponding bulk twist lines correlator. This
is the simple explanation of (62). Then we can immediately state the Feynman
rules for such an interaction: when we insert a propagator G∆,lb,b in between the
two twist lines each vertex is written as C∆,l/β∆,l, where O∆,l and C∆,l are the
same primary operators and OPE coefficients appearing in the conformal block
expansion of two couples of twist and anti-twist operators.
Before testing our proposal it is important to discuss the issue of renormal-
ization and its effects on the interpretation of (57) and (58)-(60)-(62) 16. When
computing the bulk entanglement entropy this gets renormalized by the insertion
of counterterms included here in (57), which come from the usual renormaliza-
tion procedure of the gravitational action. These counterterms makes the bulk
entanglement entropy finite absorbing the divergent terms into the renormalized
couplings, among these the Newton constant GN [27], [28] and [31]. Through
the relationship of GN with the boundary central charge c, c = 3R/2GN , this
means that the central charge as well goes through renormalization. Thus, for
instance, the tree level boundary result for a single interval S(l) = c3 log(
c
 )
transforms via the induced renormalization of c, once quantum corrections are
included. For this reason the identifications (57) and (58)-(60)-(62) should al-
ways be computed after the renormalization has been done. In the one interval
case, once more, this means that the bulk quantum corrections are really the
difference, at order G0N , with respect to the tree level result S(l) =
c
3 log(
c
 )
with the central charge c renormalized.
With this in mind let us face an interesting problem to test our formalism,
to compute the bulk Renyi entropies (understood as above) for the single twist
line along the RT surface corresponding to a single interval entangling region
A. We know that this should ultimately gives zero because the single interval
boundary entanglement entropy S(A) in the CFT vacuum state already matches
the classical RT formula, so no quantum bulk corrections and in particular no
bulk entanglement should be found in this case 17. Alternatively, following
[6], we can study the quantum bulk corrections as a functional determinant
around the bulk geometry AdS/Γ dual to the boundary Riemann surface replica
manifold C/Γ. In this language quantum corrections are zero because for a single
16I thank the referee for mentioning this important point.
17 this statement is of course no longer valid for the CFT in a generic state, as for example
in an exited state, see [8], or a thermal state.
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interval the uniformizing map maps the replica n-sheethed manifold to the full
complex plane, without doing any quotient by Γ, so the final genus is zero. So
the formula for quantum corrections (36) of [6] is also zero. Thus using the
language of gWds the result that we want to reproduce is, being γ any single
connected RT curve inside AdS:
〈
∫
γ
τn(s)ds〉 = 0. (63)
Due to the complicated form of the bulk to bulk propagator for fields dual to
operators with spin, this is quite complicated to check directly, unless we apply
a few tricks. First we note that, following our idea, (63) should be computed by
a Feynman graph with a bulk to bulk propagators connecting any two points of
the twist line along γ. Given the Feynman rules derived above this is:
〈
∫
γ
τn(s)ds〉 =
∑
∆,l
β−2∆,lC
2
∆,l
∫
γ
dλ
∫
γ
dλ′ G∆,lb,b (λ, λ
′). (64)
The second step is to express this double integral as a limit of a usual gWd with
stripped bulk to boundary propagators, where two couples of boundary points
approach each other. For example if we pick γ to be γ13, then sending x1 → x2
and x3 → x4 the geodesics γ24 → γ13 = γ 18. Then we can write (64) as
〈
∫
γ
τn(s)ds〉 = lim
x1/3→x2/4
∑
∆,l
C2∆,l
β2∆,l
∫
γ13
dλ
∫
γ24
dλ′ G∆,lb,b (λ, λ
′) = lim
x1/3→x2/4
∑
∆,l
C2∆,lW∆,l(xi)|x13|2∆n |x24|2∆n ,
(65)
where in the last equality we made use of (31). Note that with x1 → x2 and
x3 → x4 the shortest geodesics would be γ12 and γ34, but we instead keep γ13
and γ24 as the total result should not depend on the channel of OPE. The third
trick is to compare the above result with the conformal blocks expansion in the
usual channel; starting from∑
∆,l
C2∆,lW∆,l =
∑
∆,l
C2∆,l
G∆,l(u, v)
|x12|2∆n |x34|2∆n , (66)
we get:
〈
∫
γ
τn(s)ds〉 = lim
x1/3→x2/4
∑
∆,l
C2∆,lG∆,l(u, v)u
−2∆n . (67)
We can now use the exact results for conformal blocks in d = 2, with or without
spin, for external scalar operators [13],
G∆,l(z, z¯) = |z|∆−l
[
zl · 2F 1
(
∆ + l
2
,
∆ + l
2
; ∆ + l, z
)
2F 1
(
∆− l
2
,
∆− l
2
; ∆− l, z¯
)
+ c.c.
]
,
18from the point of view of a twist line correlator the two twist lines approach each other
in this limit and, due to opposite orientation, they should annihilate each other, as already
discussed. This is consistent with our claim (63) and with the result we will find, however for
the moment we are just considering the two integrals in (64) where the result is not yet clear.
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having defined z, z¯ from the equations
u = zz¯, v = (1− z)(1− z¯)
that can be explicitly solved as
z =
√
u exp(i ArcCos
(
1− v + u
2
√
u
)
), z¯ =
√
u exp(−i ArcCos
(
1− v + u
2
√
u
)
).
The limit x1 → x2 and x3 → x4 translates first into u→ 0 and v → 1 and then
into z → i√u and z¯ → −i√u. Then in this limit
G∆,l(z, z¯)→ 2u∆/2Cos
(
lpi
2
)
, (68)
which means
〈
∫
γ
τn(s)ds〉 →
∑
∆,l
C2∆,lu
∆/2−2∆nCos
(
lpi
2
)
. (69)
Each of these terms is separately zero in the u → 0 limit whenever ∆ > 4∆n,
which happens always in the limit n→ 1. Also the derivative at n = 1 produces
∂n 〈
∫
γ
τ(s)ds〉
n=1
→ −
∑
∆,l
C2∆,l
c
3
log(u)u∆/2Cos
(
lpi
2
)
, (70)
which is zero when u→ 0. This proves also in the gWd formalism that the bulk
entanglement entropy for a single region is zero, thus supporting our claim (58)
and (62) 19.
6.3 Twist operators OPE at lowest order (beside the iden-
tity)
We borrow results from the literature to compute the analytic continuation in
n for the OPE coefficients (52) entering (51), for the lowest primary of scaling
∆. This computation is a nice example and also contains useful results for the
following section, where the mutual information is considered.
In [10] and [11] the authors consider the replica trick partition function for
a given set of intervals, and replace one of these intervals with a ”generalized”
OPE expansion given by a sum of products of operators belonging to different
sheets in the replica trick manifold. Translated in the twist operator formalism
the general OPE between twist and anti-twist operators is written as 20:
τn(x)τ
−1
n (y) =
∑
{kj}
C{kj}
n∏
j=1
Okj (z) (71)
19 It is important to note that the expansion in the OPE is different between (65) and (67),
so that the single terms in the sum of (65) do not necessarily vanish.
20the expansion point z is some mid point anywhere inside the interval x− y.
22
where Okj are a complete set of operators for the jth-replica theory (that was
the theory on sheet j), j = 1 . . . n. This is a generalization of the usual OPE
and it is there used to derive a formula for (minus) the Renyi entropy Sn(AB)
of equation (10):
TrρnAB = c
2
n
(
x212x
2
34
)− c12 (n− 1n ) ∑
{kj}
(
x212x
2
34
r2
)∑
j hkj+h¯kj
d2{kj}. (72)
The coefficients d{kj} can be computed for primary operators to be
d{kj} = n
−∑j hkj+h¯kj 〈 n∏
j=1
Okj (e
2piij/n)〉 |C. (73)
Notation is as follows: cn is the coefficient that expresses the proportionality
between the Renyi entropy and the twist field computation, it should obey c1 = 1
but it is otherwise undetermined 21. The distance r is between the center of the
two intervals A and B, so r = 12 |x1 + x2 − x3 − x4| and h, h¯ are left and right
weights (∆ = h+ h¯ and h− h¯ = l). The expectation value is on the uniformized
plane C for a single interval, that is the space where each sheet is mapped to a
wedge of angle 2pi/n and Real infinity on the j-th sheet goes to e2piij/n.
How do we transform expression (72) in the conformal block language? The
conformal blocks join all the contributions from a primary operator and its
descendants, so that writing
∑
{kj} =
∑
{pj}
∑
{kpj } with pj a primary on the
sheet j and {kpj} its descendants we have:
TrρnAB = c
2
n
(
x212x
2
34
)− c12 (n− 1n ) ∑
{pj}
(
x212x
2
34
)∑
j hpj+h¯pj · (74)
· (r2)−∑j hpj+h¯pj d2{pj} ∑
{kpj }
ξ
pj{kpj }
12 ξ¯
pj{k¯pj }
12
(
x212x
2
34
)Kpj+K¯pj (r2)−Kpj−K¯pj t{kpj }
with Kpj =
∑
i k
i
pj the additional dimension of the descendant state {kj} writ-
ten as L−k1pj . . . L−knpj |pj〉, d
2
{kj} = d
2
{pj}ξ
pj{kpj }
12 ξ¯
pj{k¯pj }
12 and t{kpj } the addi-
tional normalization of the two point function for descendants. Then following
notation as in (1), for a primary field {pj}
C
{pj}
ij = cnd{pj} (75)
while the conformal block W{pj}(xi) contains all the rest
22.
When we restrict to the contribution in (71) from a product of only two
operators, {kj} = (kj1 , kj2) with kj1 = kj2 = k to be non zero, an expression for
21see footnote 6
22It is probably important to point out that the generalized OPE coefficients (71) cannot
in general be interpreted as an OPE of the original theory, even for n = 1.
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the analytic continuation of the Renyi entropies is available in [11]. This is the
leading contribution outside the identity block when considering the lowest hk
in the spectrum beside the identity. The expression they found is:
d2,k(n)
2 =
s2(n)
(n2)2hk+2h¯k
(76)
with
s2(n) =
n− 1
2
g(0) +
∞∑
m=1
(ng(nm)− g(m)) (77)
and
g(m) =
4α
pi2
sin(piα)Γ(1− 2α)sin(pi(α−m))Γ(α−m)Γ(α+m), (78)
having written α = 2(hk + hk¯). Because of equation (51) this is all we need for
the analytic continuation of the corresponding gWd in (47). Its n derivative in
n = 1, multiplied by the additional doubly integrated bulk to bulk propagator
factor in (51), gives us the very first correction to the entanglement entropy.
6.4 Mutual information
The mutual information I(A,B) = S(A) + S(B) − S(AB) is an interesting
quantity to consider when looking to quantum corrections to the RT formula.
The reason is that, for two well separated intervals, the classical contribution
and the local part of the quantum bulk corrections (57) cancel, leaving only the
non local bulk entanglement piece (58):
I(A,B) = S(A)bulk + S(B)bulk − S(AB)bulk = −S(AB)bulk (79)
where in the second equality we used the result of the previous section for a
single interval bulk entanglement entropy. By using (58) together with (31),
(51), (74) and (75) we find
I(A,B) ≈
∑
∆
d
dn
(
C∆(n) 12C
∆(n)
34
)
n=1
r−2∆,
which is the form proposed in the literature, see for example [1] and [15]. This
is then an additional independent check that the identification (58) is indeed
meaningful.
7 Conclusions and future work
In this paper we have exploited the representation of conformal blocks as geodesic
Witten diagrams in order to study how the holographic description of the two
intervals entanglement entropy emerges. We have seen that the Ryu-Takayanagi
formula is reproduced by the four bulk to boundary propagators, which is the
full answer when considering the Witten diagram dual to the identity block,
24
while quantum corrections come from stripped higher order diagrams and back-
reaction on the geometry from the twist operators. We have matched these
terms with the result from [15] and in particular identified the bulk entangle-
ment entropy across the RT surfaces as a sum over the same Witten diagrams
entering the conformal block expansion of the four twist operator correlators,
but stripped of the bulk to boundary propagators. This has also been derived
by using a novel twist line formalism in the bulk and interpreting the Witten
diagrams as a point like interaction between the two twist lines. We have also
applied the formalism to the single interval problem by showing how quantum
corrections vanish in this case. Additional discussions on the analytic contin-
uation of the diagrams and in particular of the OPE coefficients have been
included, borrowing literature results from [10]-[11], that have later on been
used to study the mutual information, matching the expected form previously
proposed in the literature. Finally an interesting by-product result is the unex-
pected connection between an approximated form of the light gWd correction
to the Renyi entropies and the proposed holographic description for the entan-
glement of purification.
Different directions for future work exist. Among them the most promising
ones are listed:
Quantum mechanical interpretation of the relation between entangle-
ment entropy and entanglement of purification
The entanglement of purification Ep(AB) has a quantum mechanical definition
as the minimal entanglement entropy
Ep(AB) = min S(AA˜) (80)
such that
ρ(AB) = TrA˜B˜ (|ψ〉 〈ψ|) , (81)
where ρ(AA˜) = TrBB˜ (|ψ〉 〈ψ|), and the minimization has been done over any
pure state |ψ〉 ∈ HAA˜⊗HBB˜ . Its holographic interpretation has been proposed
in [30]. Here we saw that, based exclusively on its bulk description, we could
obtain a quantity proportional to Ep(AB) as a ”saddle point” approximation
of any term in the Renyi entropies Sn(AB) expansion, provided a sufficiently
low scaling dimension of the propagating operator. What is the quantum me-
chanical interpretation of the above statement is an intriguing question who
already received a partial answer in [29]; there a connection with a quantity
So(AB) called odd entanglement entropy was made, where the latter is essen-
tially entanglement entropy for a partially transposed reduced density matrix
and considering analytic continuation from odd integers n. Then the result from
[29]:
Ep(AB) = So(AB)− S(AB) (82)
is quite reminiscent of (39)-(41) after derivative in n.
It would be interesting to further develop the arguments of [29] in an attempt
to derive the present relation. Alternatively a different path could be to study
25
in depths the MERA tensor network realization of the reduced density matrix
ρAB , that also very likely provided the original idea for [30], and from there to
try to infer the connection.
Multi interval entanglement entropy
An interesting and somehow obvious generalization of this work would be to
consider multi-interval entanglement entropy by using gWds with additional
legs. Unfortunately such formalism has not yet been developed and it looks
that the decomposition of a higher legs Witten diagram into gWds is quite non-
trivial. Beside the original discussion in [19], recent work in this direction is
contained in, among the others, [2], [3], [4] and [23].
Quantum corrections to the holographic entropy cone
In [5] a surprisingly in depth description of the entropy cone for holographic
states (compared with the few information we have for generic states) was given,
together with an algorithm providing a sufficient condition for any putative
entropy inequality to be correct. The paper based its analysis on the classical
geometric description of the entanglement entropies translated into a certain
graph construction. Indeed it would be very valuable to be able to improve the
classical analysis including quantum bulk contributions, perhaps in the form of
certain graph corrections based on the Feynman-like rules we described.
Entanglement entropy across black hole horizon
The Renyi entropies across the event horizon for a three dimensional BTZ black
hole can, in principle, be computed by considering a twist line correlator and
the gWd formalism developed here, only evaluated in a different background.
This may reproduce the standard Bekenstein-Hawking black hole entropy at
leading order, if the latter is identified with the black hole entanglement entropy,
and for higher propagating scaling dimension and spin the leading corrections
for entanglement across the event horizon. To compare these computations
with literature results, mainly from direct application of the replica trick to
the gravitational partition function (see [27] for a review), is an interesting
problem. In particular I would like to pursue the possible connection between
these corrections and [25].
A bulk parametric expansion
The CFT conformal blocks accept a small x expansion when the four operators
have been placed at 0, x, 1,∞ by conformal transformations. Analogously we
can look for some small parameter expansion for the corresponding integrals in
the bulk.
With this in mind we consider the case where the distance between the
central points of the two intervals, linked by the geodesics γ12, γ34, is bigger
then the size of the two intervals. When this happens the parameters γ(λ, λ′) ≡
26
u(λ)
|x(λ)−x′(λ′)| and γ
′(λ, λ′) ≡ u′(λ′)|x(λ)−x′(λ′)| are smaller then one (along the solutions
(30)) and we can expand in them. The nice feature is that the quantity ξ on
which σ depends has a nice simple form when expressed in γ, γ′:
ξ =
2γγ′
1 + γ2 + γ′2
. (83)
We can then consider the integrand (32) as a function of γ and γ′ and eventually
expand at arbitrary order:(
1
γγ′
)−∆ (
1−∆(γ2 + γ′2) + 1
2
∆(1 + ∆)(γ4 + γ′4) + (1 + ∆)2γ2γ′2− (84)
−(2+4∆+5∆2/2+∆3/2)(γ2γ′4+γ′2γ4)−1
6
∆(1+∆)(2+∆)(γ6+γ′6)+. . . O((γ+γ′)8)
)
.
Note that this expansion goes together with powers of ∆, so it makes sense only
for ∆ < 1. This can be either integrated in λ, λ′ at any order numerically (but
numerically you can even integrate the exact expression) or you can choose to
express the integrals in the variables γ, γ′ itself. This change of variables brings
the Jacobian:
|det
(γ
λ
)−1
| =
∣∣∣∣γγ′ tanh(λ) tanh(λ′)(1 + γsinh(λ) − γ′sinh(λ′) )
∣∣∣∣−1 (85)
so that we need to express the hyperbolic functions as functions of γ; this is not
trivial in the desired form and can be done easily only by fixing either λ or λ′ to
zero. In this case however it is not clear how to use them, as the integrals should
be computed in γ and γ′ unconstrained. It is an interesting future problem to
work out in detail such an expansion, or alternative possibilities.
Acknowledgments
I would like to thank Jacopo Viti and Tadashi Takayanagi for discussion and
for having pointed out an interesting reference that I had missed.
This work has been done under financial support from the Brazilian min-
istries MCTI and MEC.
References
[1] C. Agn and T. Faulkner, “Quantum Corrections to Holographic Mu-
tual Information,” JHEP 1608 (2016) 118 doi:10.1007/JHEP08(2016)118
[arXiv:1511.07462 [hep-th]].
[2] K. B. Alkalaev, “Many-point classical conformal blocks and
geodesic networks on the hyperbolic plane,” JHEP 1612 (2016) 070
doi:10.1007/JHEP12(2016)070 [arXiv:1610.06717 [hep-th]].
27
[3] K. B. Alkalaev and V. A. Belavin, “From global to heavy-light: 5-point
conformal blocks,” JHEP 1603 (2016) 184 doi:10.1007/JHEP03(2016)184
[arXiv:1512.07627 [hep-th]].
[4] P. Banerjee, S. Datta and R. Sinha, “Higher-point conformal blocks
and entanglement entropy in heavy states,” JHEP 1605 (2016) 127
doi:10.1007/JHEP05(2016)127 [arXiv:1601.06794 [hep-th]].
[5] N. Bao, S. Nezami, H. Ooguri, B. Stoica, J. Sully and M. Wal-
ter, “The Holographic Entropy Cone,” JHEP 1509 (2015) 130
doi:10.1007/JHEP09(2015)130 [arXiv:1505.07839 [hep-th]].
[6] T. Barrella, X. Dong, S. A. Hartnoll and V. L. Martin, “Holo-
graphic entanglement beyond classical gravity,” JHEP 1309 (2013) 109
doi:10.1007/JHEP09(2013)109 [arXiv:1306.4682 [hep-th]].
[7] A. Belin, C. A. Keller and I. G. Zadeh, “Genus two partition functions and
Rnyi entropies of large c conformal field theories,” J. Phys. A 50 (2017)
no.43, 435401 doi:10.1088/1751-8121/aa8a11 [arXiv:1704.08250 [hep-th]].
[8] A. Belin, N. Iqbal and S. F. Lokhande, “Bulk entanglement en-
tropy in perturbative excited states,” SciPost Phys. 5 (2018) no.3, 024
doi:10.21468/SciPostPhys.5.3.024 [arXiv:1805.08782 [hep-th]].
[9] P. Calabrese and J. Cardy, “Entanglement entropy and conformal field
theory,” J. Phys. A 42 (2009) 504005 doi:10.1088/1751-8113/42/50/504005
[arXiv:0905.4013 [cond-mat.stat-mech]].
[10] P. Calabrese, J. Cardy and E. Tonni, [11]“Entanglement entropy of two dis-
joint intervals in conformal field theory,” J. Stat. Mech. 0911 (2009) P11001
doi:10.1088/1742-5468/2009/11/P11001 [arXiv:0905.2069 [hep-th]].
[11] P. Calabrese, J. Cardy and E. Tonni, “Entanglement entropy of two disjoint
intervals in conformal field theory II,” J. Stat. Mech. 1101 (2011) P01021
doi:10.1088/1742-5468/2011/01/P01021 [arXiv:1011.5482 [hep-th]].
[12] H. Casini, M. Huerta and R. C. Myers, “Towards a deriva-
tion of holographic entanglement entropy,” JHEP 1105 (2011) 036
doi:10.1007/JHEP05(2011)036 [arXiv:1102.0440 [hep-th]].
[13] F. A. Dolan and H. Osborn, “Conformal partial waves and
the operator product expansion,” Nucl. Phys. B 678 (2004) 491
doi:10.1016/j.nuclphysb.2003.11.016 [hep-th/0309180].
[14] T. Faulkner, “The Entanglement Renyi Entropies of Disjoint Intervals in
AdS/CFT,” arXiv:1303.7221 [hep-th].
[15] T. Faulkner, A. Lewkowycz and J. Maldacena, “Quantum correc-
tions to holographic entanglement entropy,” JHEP 1311 (2013) 074
doi:10.1007/JHEP11(2013)074 [arXiv:1307.2892 [hep-th]].
28
[16] T. Hartman, “Entanglement Entropy at Large Central Charge,”
arXiv:1303.6955 [hep-th].
[17] T. Hartman, C. A. Keller and B. Stoica, “Universal Spectrum of 2d
Conformal Field Theory in the Large c Limit,” JHEP 1409 (2014) 118
doi:10.1007/JHEP09(2014)118 [arXiv:1405.5137 [hep-th]].
[18] M. Headrick, “Entanglement Renyi entropies in holographic theo-
ries,” Phys. Rev. D 82, 126010 (2010) doi:10.1103/PhysRevD.82.126010
[arXiv:1006.0047 [hep-th]].
[19] E. Hijano, P. Kraus, E. Perlmutter and R. Snively, “Witten Diagrams Re-
visited: The AdS Geometry of Conformal Blocks,” JHEP 1601 (2016) 146
doi:10.1007/JHEP01(2016)146 [arXiv:1508.00501 [hep-th]].
[20] E. Hijano, P. Kraus, E. Perlmutter and R. Snively, “Semiclassi-
cal Virasoro blocks from AdS3 gravity,” JHEP 1512 (2015) 077
doi:10.1007/JHEP12(2015)077 [arXiv:1508.04987 [hep-th]].
[21] H. Hirai, K. Tamaoka and T. Yokoya, “Towards Entanglement of Purifi-
cation for Conformal Field Theories,” PTEP 2018 (2018) no.6, 063B03
doi:10.1093/ptep/pty063 [arXiv:1803.10539 [hep-th]].
[22] A. Lewkowycz and J. Maldacena, “Generalized gravitational entropy,”
JHEP 1308 (2013) 090 doi:10.1007/JHEP08(2013)090 [arXiv:1304.4926
[hep-th]].
[23] S. Parikh, “Holographic dual of the five-point conformal block,”
arXiv:1901.01267 [hep-th].
[24] A. Prudenziati, “A perturbative study on the analytic continuation
for generalized gravitational entropy,” Phys. Rev. D 91 (2015) 106007
doi:10.1103/PhysRevD.91.106007 [arXiv:1412.1037 [hep-th]].
[25] A. Prudenziati, “A perturbative expansion for entanglement entropy in
string theory,” arXiv:1805.09311 [hep-th].
[26] S. Ryu and T. Takayanagi, “Holographic derivation of entangle-
ment entropy from AdS/CFT,” Phys. Rev. Lett. 96 (2006) 181602
doi:10.1103/PhysRevLett.96.181602 [hep-th/0603001].
[27] S. N. Solodukhin, “Entanglement entropy of black holes,” Living Rev. Rel.
14 (2011) 8 doi:10.12942/lrr-2011-8 [arXiv:1104.3712 [hep-th]].
[28] L. Susskind and J. Uglum, Phys. Rev. D 50 (1994) 2700
doi:10.1103/PhysRevD.50.2700 [hep-th/9401070].
[29] K. Tamaoka, “Entanglement Wedge Cross Section from the Dual Density
Matrix,” arXiv:1809.09109 [hep-th].
29
[30] K. Umemoto and T. Takayanagi, “Entanglement of purification through
holographic duality,” Nature Phys. 14 (2018) no.6, 573 doi:10.1038/s41567-
018-0075-2 [arXiv:1708.09393 [hep-th]].
[31] T. Jacobson, “Black hole entropy and induced gravity,” gr-qc/9404039.
30
